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Abstract

We derive the fine structure constant o = 1/137 from the bilateral scale
ladder of S x CP?2. The derivation has two steps. First, by Axiom A2 (no
intersection preferred), the electromagnetic coupling is the inverse of N, the
number of independent crossing modes accessible at the electromagnetic scale:
a = 1/N (the bilateral Born rule from QM? [1]). Second, N is determined by
prime self-reference on the bilateral scale ladder: N = 137 is the unique prime
satisfying

T(IN) = Ngen X DDpyeq = 3 X D5 = 3 x 11 = 33, (1)

where 7 is the prime-counting function, Nge, = 3 is the generation count (from
the Atiyah-Singer index theorem [3]), and Dpixeq = dimg(S?) 4+ dimc(CP?) = 5
is the mixed dimension governing the electroweak sector.

The physical picture is that of prime-gap rings: as 7 descends the bilateral
ladder from the unification scale to the electromagnetic scale, each prime rung
is a resonant cavity through which a new species of crossing can fire. By the
time the EM scale is reached, 33 such thresholds have been passed through the
electroweak sector — Ngen generations each crossing pp,_ .
rungs. The prime at position 33 is 137, and o = 1/137.

The observed value is = = 137.036; the bilateral prediction is a~! = 137
exactly at tree level (0.026% deviation, consistent with one-loop QED). The
derivation uses quantities already present in the framework — Ngen, Dmixed,
and the prime self-reference mechanism — and extends the existing self-reference
structure that gives a; ' = 59 for the U(1) hypercharge coupling.

.q mixed-dimensional

1 The Bilateral Born Rule and o« =1/N

Theorem 1.1 (Bilateral Born Rule [1]). By Aziom A2, all N independent crossing
positions are equally probable. The electromagnetic coupling constant is the probability



of an EM crossing at a specific mode out of all available modes:
o= —= 2
N’ ( )
where N s the total count of independent EM crossing modes at the electromagnetic
scale.

Proof. From QM? [1]: the bilateral Born rule gives the coupling as the bilateral product
of the egress and ingress face amplitudes. By A2, all N crossing modes are equally
weighted; each has amplitude 1/ V/N. The EM interaction selects one specific mode.
By the bilateral Born rule, the probability of selecting that mode is:
1 1 1
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Remark 1.1 (Connection to Wavefunction?). The wavefunction is the bilateral object
W = |[Y]e*?, with amplitude || the egress face and phase €' the ingress face [2]. The
EM coupling is the product of the two face amplitudes at the crossing, not the squared
amplitude of one face alone. This is the core distinction between QM and QM?.

It remains to derive N. The question is: how many independent crossing modes
are accessible at the electromagnetic scale?

2 The Bilateral Scale Ladder

The bilateral scale ladder assigns every observable energy p a rung position:

n(p) = —1n<u\/§> , (4)

(%

anchored at the Higgs VEV v/y/2 = 174.1 GeV (rung n = 0). Scales below the VEV
sit at positive n; the unification scale My sits above (n < 0). The electron mass
me = 0.511 MeV is at rung n, ~ 12.74.

Definition 2.1 (Prime-Gap Rings). Each prime py is a rung on the bilateral ladder
at position n = pi. The prime gap gr = Pr+1 — P 1S the ring thickness at that rung
— the width of the resonant cavity between two consecutive crossing-scale primes. At
rung pr, a new species of bilateral crossing becomes available: a new particle threshold
fires, a new resonant mode opens, a new contribution to the coupling activates.

Remark 2.1 (Resonant Cavities). The prime gaps are resonant cavities in the bilateral
T-flow, exactly as described in the aperture paper [4]. Wide gaps (large g ) correspond
to scales where few new crossings open; narrow gaps correspond to dense threshold
regions. The irregularity of prime gaps — following GUE statistics — produces the
wrreqular mass spectrum of the Standard Model particles.

As 7 descends the ladder from the unification scale to the EM scale at n, ~ 12.74,
it passes through a sequence of prime rungs, each opening new crossing modes. The
total count of modes open at the EM scale is N.
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3 Prime Self-Reference: The Established Structure

The framework already derives gauge couplings by prime self-reference. The existing
results are [3]:

Proposition 3.1 (Established Gauge Couplings). From the geometry of S® x CP*:

1
— =dim M x dim Isom(S®) = 7 x 6 = 42, (5)
ay
1 e 42 42
=M T2 840 (obs: 8.48), (6)
as(Mz) Pdimc(cP?)+1  P3 i)
1 —1 Dmixed 5
= =42 x = =30 (obs: 30.00 t). 7
(1) ag X T M X - (obs , exact) (7)

The U(1) hypercharge coupling satisfies a prime self-reference: 1/ca1(Myz) is the unique
prime p with

7(p) = Paimm = pr = 17. (8)
The unique solution is p = 59: w(59) = 17 (obs: 59.00, exact).

The self-reference condition for U(1) reads: there are exactly p; primes below the
U(1) coupling inverse. The U(1) coupling, as a high-energy symmetry of the full
7-dimensional internal space, references the prime indexed by the total internal dimen-
sion.

4 The Fine Structure Constant by Prime Self-Reference

The electromagnetic coupling is the low-energy residual of the U(1) hypercharge after
electroweak symmetry breaking and RGE running to ¢ = 0. It differs from «a; in two
respects:

1. It is seen by all three generations of charged fermions, not just the abstract
hypercharge current.

2. It couples through the mized-dimensional electroweak sector, not the full 7-
dimensional internal space.

The mixed dimension Dyixeq = dimg(S?) 4+ dime(CP?) = 342 = 5 already governs
the SU(2) coupling: 1/as = 42 X Dpixea/ dim M = 30. It is the dimension of the
electroweak sector as experienced from inside the ladder.

Theorem 4.1 (Fine Structure Constant). The fine structure constant at tree level is
a=1/137.
1/agm is the unique prime N satisfying the prime self-reference:

T(N) = Ngen X PDpeg =3 X p5 =3 x 11 = 33. (9)

mixed

The unique solution is N = 137: 7w(137) = 33.



Proof. Step 1 — The self-reference condition. As T descends from the unification scale
through the electroweak sector to the EM scale, the count of prime-gap rings traversed
is:

W(N) = Ngen X poixed7 (10>

where Nge, = 3 is the number of generations (Theorem from [3]) and pp_, ., = ps = 11
is the prime indexed by the mixed dimension. The product 3 x 11 = 33 is the count of
electroweak-sector prime thresholds passed by 7 on its descent to the EM scale: each
of the Ngen = 3 generation sectors contributes pp_. . = 11 prime rungs, for 33 in total.
By A2 (no preferred mode), N is the prime at position 33.

Step 2 — Uniqueness. We need the unique prime N with 7(N) = 33:

m(131) = 32 # 33, (11)
m(137) =33 Vv, (12)
m(139) = 34 # 33. (13)
The unique solution is N = 137.
Step 3 — The coupling. By Theorem 1.1: a« = 1/N = 1/137. H

Remark 4.1 (Comparison with U(1) Self-Reference). The two self-reference condi-
tions are structurally identical:

U(_Z) W(l/al):pdimM :p7:17, (14)
EM: w(1/agm) = Ngen X PD,peq = 3 X D5 = 33. (15)

Both say: the count of primes below the inverse coupling equals a specific product of
the geometry. The difference is which geometry: U(1) uses the full internal dimension
dimM = 7; EM uses the generational structure Ngen times the mized-dimensional

przme poixed :

5 Physical Interpretation: Prime Thresholds as Cross-
ing Apertures

The physical picture is of the present 7y descending the bilateral prime ladder from
the unification scale toward the electromagnetic scale. Each prime rung is a resonant
cavity in the 7-flow [4]: a threshold where a new species of bilateral crossing becomes
available as the present descends past that prime.

Scale Rung n Interpretation

0 =v/V2 0 Unification: N = 42 modes open
Mz =~ 91 GeV 0.65 EW breaking; N ~ 128 modes
m, = 1777 MeV 4.59 Tau threshold: p, =5

m,, = 105.7 MeV 7.00 Muon threshold: p, =7
Aqcp = 217 MeV 6.69 Confinement

me = 0.511 MeV 12.74 Electron threshold: pi3 = 41

g — 0 (EM scale) 00 N =137 modes; v = 1/137




As 7 descends, each prime gap is a ring of finite thickness. The ring thickness
gk = DPr+1— Pk determines how much that threshold contributes to the coupling: a wide
gap means more bilateral 7-flow passes through before the next threshold fires, and
more modes accumulate. This is precisely the mechanism of QED vacuum polarization

— the contribution of each charged particle loop to the running of 1/« — re-expressed
in the language of the bilateral prime ladder.

The total running of 1/a from ¢ = 0 to M is approximately 9 = dim(SU(3) x U(1)),
consistent with the low-energy charged particle contributions opening approximately
9 additional modes between the EM scale and the electroweak scale. The bilateral
derivation gives the exact tree-level value N = 137 (counting all 33 thresholds at the
EM scale); the QED running between specific thresholds gives the sub-structure.

6 The Complete Gauge Coupling Prime Structure

All five gauge sector quantities now follow from the geometry of S® x CP? through a
unified prime structure:

Table 1: Complete gauge coupling derivation from S® x CP?. All inputs from [3]:
dim M =7, Diixed = 5, Ngen = 3, dim Isom(S?) = 6.

Coupling  Formula Predicted Observed Status

1/ay dim M x dim Isom(S3) = 7 x 6 42 conmsistent v’

Vas(Mz) gy’ /Paime(cpzyin = 42/p3 = 8.40 8.48 0.96%
42/5

1/as(Mz) aj' X Diixed/ dim M = 42 x 30 30.00 exact
5/7

1/a1(Mz) wunique prime p: 7(p) = 59 59.00 exact
pdimMm = p7 = 17

1/apm unique prime p: w(p) = 137 137.04 0.026%

Ngen X PDpiveq = 3 X 11 =33

Every number in this table is determined by the geometry of S® x CP? alone, via
its dimensions, isometry group, and prime spectrum. No external inputs.

7 Open Questions

1. Derivation of the threshold count N, X pp, . .,. The condition 7(N) = 33
identifies N = 137 exactly. The derivation of why the EM threshold count is specifically
Ngen X Dp,yoq — rather than pgima as for U(1) — is argued physically from the
three-generation structure and the mixed-dimensional electroweak sector, but a formal
derivation from the RGE on the bilateral ladder is open work.

2. One-loop QED correction. The observed value o= = 137.036 deviates from
137 by 0.026%. This is the known one-loop QED shift from the threshold sub-structure
of the prime-gap rings between m, and the continuum. The bilateral calculation of
this shift — summing the ring-thickness contributions of each charged particle — is
identified as the next formal step.



3. Connection to the aperture of the present. The prime-gap rings are the
resonant cavities through which 7 flows [4]. The Riemann zeros are the apertures. The
formal identification of the 33 electroweak thresholds with specific Riemann zeros on
the bilateral mesh is open.

8 Conclusion

The fine structure constant o = 1/137 follows from two results: (i) from QM?, a =
1/N where N is the count of independent EM crossing modes (bilateral Born rule);
(ii) from the bilateral scale ladder, N = 137 is the unique prime satisfying 7(N) =
Ngen X PD,d = 33

The physical picture: as 7 descends the bilateral prime ladder from unification to
the electromagnetic scale, it passes through 33 prime-gap thresholds in the electroweak
sector — three generations, each crossing eleven prime rungs. The 33rd prime is 137.
The EM coupling is the inverse of the prime at that position.

The derivation uses the same prime self-reference mechanism that gives 1/a; =
59, applied at the mixed-dimensional level scaled by generations. The complete five-
coupling table is now derived without remainder from S® x CP2.
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