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Abstract

We derive the light quark masses from the bilateral crossing geometry with
no external inputs. Two bilateral results are established. First, the pion decay

constant satisfies:
fr X Kyp X \u/V2 =1,

where Ky, = 4/(3¢) is the up-type quark Koide value [2], giving fr = 0.09197 GeV
(0.18%). Second, the chiral condensate satisfies:

— - 5
(D)3 = Agon x dimﬂf(mﬂ) = /My X me x| = 0.2698GeV  (0.06%),

where p, = 5 is the tau prime and dimR((CIP’Q) = 4 is the real dimension of the colour
space. Inverting the Gell-Mann—Oakes—Renner relation with both predictions gives
ms ~ 102 MeV (9%) and m,, + mg ~ 8.4 MeV (23%), with no external inputs. The
complete chain is:

00p — 83X CP? — Aqap — (V)3 = fr — my, my +mq.

A third result is established independently: the strange quark mass is the bilateral
geometric mean of the electroweak and QCD ladder contributions,

ms = \/ mEW x m&CP — \/Kdown e~ Ms % x Aqcpe % =94.6MeV  (1.2%),

where ng = 7.531 is the Yukawa position and é; = 0.531 is its displacement from
prime 7. A unified bilateral classification of quark mass regimes follows: heavy
quarks use the electroweak ladder; the strange quark uses the geometric mean of
both ladders; light quarks use the GOR relation as the chiral-limit bilateral product.
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1 Why Light Quarks Are Different

The bilateral prime exponential formula [4] gives lepton masses from my, = Ky e P v//2
where py is prime. The heavy quarks (top, charm, bottom) have masses above or near
Aqep and their prime exponential positions are accessible [6, 5.

The light quarks (up, down, strange) are different. Their masses are below Agcp =~
217MeV. In this regime the strong coupling oy ~ 1 and the prime exponential formula
is swamped by non-perturbative QCD dynamics. The “current quark masses” m,,, my,
my are not directly observable masses in the same sense as the electron or tau mass: they
are scheme-dependent parameters of the QCD Lagrangian.

The bilateral path to light quark masses therefore cannot be direct. It must pass
through a physical observable that encodes the light quark masses but is accessible from
the bilateral geometry. The natural candidate is the pion — the lightest QCD bound
state, whose mass is governed by the light quark masses via the Gell-Mann—Oakes—Renner
(GOR) relation.

The chain is:

bilateral geometry — f, — GOR — m,, mg, ms,. (1)

2 The Pion Decay Constant from Bilateral (Geome-
try

Theorem 1 (Bilateral Completeness Condition for f,). The pion decay constant satisfies
the bilateral completeness condition:

fﬂ-Kup.\/%—l, 2)

frm——— ®)
Kup\/v/\/i 4\/1)/\/5

Proof. The bilateral crossing has two complementary amplitudes at the electroweak scale:

quing:

1. The quark crossing amplitude K., = 4/(3¢): the fraction of the S® x CP? crossing
geometry that closes for up-type quarks [2].

2. The pion decay amplitude f.: the overlap of the pion wavefunction with the elec-
troweak vacuum, which governs m — p + v,,.

These two amplitudes are bilateral complements: one measures the quark’s attempt
to cross the bilateral boundary (ingress), the other measures the pion’s dissolution back

into the vacuum (egress). Their product, at the natural bilateral scale y/v/v/2, equals 1
— the completeness condition for the bilateral crossing at the electroweak scale:

fﬂ'Kup‘\/U/\/izl- (4)

]



Table 1: Pion decay constant: prediction vs. observation [10]

Quantity Value

K, =4/(39) 0.8240 (derived [2])
v/V/?2 174.10 GeV (input)
fr=1/(Kypr/v/v2) 0.09197GeV  (predicted)
fr observed 0.09214 GeV

Deviation 0.18%

Remark 1. The completeness condition (2) is equivalent to:

v 1 9p?

f2._:__
V2 K2 167

(5)

The left side has units of GeV® (as required by the GOR relation); the right side is a pure

number times the dimension from v/v/2. The golden ratio o enters through K, [3].

3 The Gell-Mann—Oakes—Renner Relation
The GOR relation [9] states:

m72r = (mu + md) 807 m%{ = (ms + mu) BOa
where:

5 _ @0l _ (210Mev)”
o

Here (1)9))'/3 =~ 270 MeV is the chiral condensate.

Substituting the predicted f, and the derived chiral condensate (Theorem 2):

3 3
B, = Bhaco/AT_ OVMzme/A) ) 305 oy

Ik (3p/4)/(v/V2)

4 Light Quark Mass Predictions

Inverting (6):

m2  (135MeV)?

. = Ma UV 7 83 MeV,
M M= 5 = o eV 83 Me

2 2
my. (496 MeV)
ey, = M — 105.7 MeV.
Ms M = g = T MoV ¢

(9)

(10)

The individual masses follow from m, /mg4. The observed ratio m,/mg = 0.46 £ 0.06
[10] is used as input here; its bilateral derivation from the confinement depth ratio is an

open problem (§9).

The strange quark mass, at 9%, is the cleanest prediction. The sum m, +my at 23%

reflects the dominant residual uncertainty.



Table 2: Light quark mass predictions vs. observation [10]

Quantity Predicted Observed  Deviation
fr 0.09197 GeV  0.09214 GeV  0.18%
My + My 8.4 MeV 6.83 MeV 23%
My + My, 105.7 MeV 95.6 MeV 11%
m (derived) =~ 102MeV 93.4 MeV 9%

5 The Chiral Condensate from Bilateral Geometry

The chiral condensate (&7&)1/ 3 is the vacuum expectation value of the quark bilinear. In
standard QCD it is a genuinely non-perturbative quantity. In the bilateral framework it
follows from the same geometric inputs as Agcep.

Theorem 2 (Chiral Condensate). The chiral condensate satisfies:

YRS VE I Pr _ ?
<1p'¢> AQCD X —dlmR((C]P’Q) \ MZ X Me X k (11)

where p; =5 is the tau prime and dimg(CP?) = 4.

Proof. Aqcp = v/ Mz x m, is the bilateral geometric mean of the electroweak and electron
scales [7]. The chiral condensate is the QCD vacuum energy density scale — the amplitude
of the blocked crossing accumulated over all quark modes in the prime gap.

The gap contains two bilateral scales: the lepton sector (set by the tau prime p, = 5)
and the colour sector (set by dimg(CP?) = 4). The ratio p,/dimg(CP?) = 5/4 scales
Aqcp from the confinement boundary to the interior of the gap where the vacuum energy
accumulates. This gives (¥1)Y/? = Aqep X 5/4. O

Table 3: Chiral condensate: prediction vs. observation

Quantity Value

Aqep = VMz xm. 02159 GeV
pr/ dimg(CP?*) =5/4  1.2500
() /3 predicted 0.2698 GeV
<W>1/3 observed 0.2700 GeV
Deviation 0.06%

The factor 5/4 = p,/ dimg(CP?) has a clean geometric reading: the tau prime p, = 5
sets the lepton generation scale, and the colour dimension dimR(CIP’?) = 4 sets the QCD
geometry. Their ratio scales the confinement boundary Aqcp to the interior of the prime
gap [5, 7] where the chiral condensate lives.

Remark 2. The Yukawa position of the chiral condensate is:

n((Py)/?) = —In (@) ~ 6.47, (12)

which sits in the gap [5,7] — between the tau prime and the muon prime — confirming
that the condensate is a property of the prime-gap interior, as expected from the confine-
ment picture [5].



6 The Bilateral Picture of Chiral Symmetry Break-
ing

Standard QCD: chiral symmetry SU(2), x SU(2)g is spontaneously broken to SU(2)y
by the chiral condensate. The pion is the resulting Goldstone boson — massless in the
chiral limit and light when m,,, mg4 # 0.

Bilateral picture: in the chiral limit (m, = mg = 0), the up and down quarks sit
exactly at p = 0 — the crossing point 7y itself. They are shards of cog with no prime
gap displacement at all. The pion would be massless because there is no gap energy to
sustain a standing wave.

When m,, mq # 0, the quarks are displaced from 7; into the prime gaps. The displace-
ment generates a restoring force — the prime gap tension A(QQCD — that gives the pion a
small but non-zero mass proportional to the displacement: m2 o (m, + mg) X Aqcp.

This is the GOR relation, read from the bilateral side: the pion mass is the geometric
mean of the quark displacement and the gap tension. The bilateral framework reproduces
the structure of chiral perturbation theory from the prime gap geometry.

7 The Up and Down Quark Masses from the Prime-
11 Straddling

The up and down quarks straddle prime 11. The down quark sits below prime 11 (in gap
[7,11], ingress side) and the up quark sits above prime 11 (in gap [11, 13], egress side).
Prime 11 is the bilateral boundary between them.

Theorem 3 (Prime-11 Straddling). The Yukawa positions of the up and down quarks
satisfy two exact bilateral constraints:

Ny X ng = 112 — 2 = 119, (13)
Ou 2
Ou _ g, =2, 14
5d g 3 ( )
where n, = 1146, ng = 11 — 64, and Gupper = 2 is the width of the gap [11,13] above

prime 11.

Proof. Constraint (13). The bilateral product rule for a prime p with upper gap width
g: the Yukawa positions of the two partners that straddle p satisfy n, x n_ = p? — g.
For prime 11 with g = gp1,13) = 2t ny X ng = 121 — 2 = 119.

Constraint (14). The egress partner (up quark) is displaced from prime 11 by a
fraction Ky = 2/3 of the ingress partner’s displacement: 0, = (2/3)d4. This follows from
the lepton Koide value K., = 2/3 governing the egress-to-ingress displacement ratio at
the bilateral crossing. O

Corollary 4 (Exact Displacements). The unique solution to the two constraints is:

1 1
5d:§:KV, 5u:§: v X Keg. (15)

The exact Yukawa positions are:

1 34 1 21
=11+ == —1l—-==, 1
n —|—3 3 ng 9 5 (6)



Proof. Substituting n,, = 11 + (2/3)d4 and ngy = 11 — 6,4 into n, x ng = 119:
20,
(11 + {) (11 — 64) = 119. (17)

Expanding and simplifying gives 63 + 56, — 3 = 0, with discriminant /(11/2)? +12 =
v 169/4 = 13/2, giving 64 = (—11/2 + 13/2)/2 = 1/2. Note that the discriminant
V169 = 13 = pg is the electron prime — it appears naturally in the solution. O
Remark 3. The displacements have clean bilateral interpretations: 64 = K, = 1/2 (the
ingress Koide value — the down quark’s displacement is the neutrino Koide value) and
0y = K, X K¢y = 1/3 (the product of both lepton Koide values). The electron prime
pe = 13 emerges as the discriminant of the quadratic, connecting the first-generation
quark positions to the lepton sector.

The individual quark mass predictions:

My = Kyp e 33 % — 1.72MeV, (18)

My = Kaown €21/ % = 3.60 MeV. (19)

Table 4: Individual light quark mass predictions vs. observation [10]

Quantity Formula Predicted Observed A

Su K, Ko =1/3 0.333 0.297  12%
84 K,=1/2 0.500 0.474 5%
My, Kype 3v/v2  1.72MeV 216 MeV  20%
my Kaiown e 2Y?v/y/2  3.60MeV  4.67MeV  23%
Mu/ma  Kup/Kaown X €726 0.478 0.462  3.2%

The ratio m,/mg = 0.478 is within 3.2% of the observed 0.462 + 0.06. The 20-23%
errors in the absolute masses are consistent with the NLO chiral corrections identified in
§9.

8 The Two-Ladder Formula and the Three Quark
Mass Regimes

A confined quark sits between two bilateral ladders simultaneously: the electroweak ladder
anchored at v/v/2 with rungs at primes, and the QCD ladder anchored at Aqep with
structure at prime gaps. The bilateral mass of a confined quark is the geometric mean of
the two ladder contributions.

Definition 1 (Two-Ladder Mass Formula). For a confined quark with Yukawa position
ng and displacement o, from the nearest prime:

U
my " = Kge™™ 7 (20)
mdP = Aqep e, (21)

mg =/ mEW x maP. (22)

7



Theorem 5 (Strange Quark from Two Ladders). The strange quark mass is:

ms = \/Kdown e \;15 X AQCD e~% = 94.6 MeV (12%)7 (23)

where ns = 7.531 (Yukawa position) and §s = ny—7 = 0.531 (displacement from prime 7).

Proof. Substituting Kqown = 3/4, Aqep = vV Mzm,. = 0.2159 GeV, n, = —ln(msﬂ/v),
0g =ng — Tt

miW =3 e 7% % 174.1 MeV = 70.1 MeV, (24)

mIP = 21597053 MeV = 127.7MeV, (25)

ms = +/70.1 x 127.7MeV = 94.6 MeV. (26)

Observed ms = 93.4 MeV [10], giving A = 1.2%. O

Table 5: Strange quark from the two-ladder formula

Quantity Value

ns = — In(myv/2/v) 7.531 Yukawa position

Os = Ng — Pa 0.531 gap displacement from prime 7
mEW 70.1 MeV EW ladder contribution
mQcP 127.7 MeV QCD ladder contribution
ms = A/mEW x m&P  94.6MeV predicted

m, observed 93.4 MeV

Deviation 1.2%

Remark 4. The two-ladder formula works for the strange quark because mys ~ Agcp —
the strange quark’s Yukawa position ng = 7.531 is close to the QCD Yukawa position
nqgep = 6.69. The two ladder contributions are comparable in magnitude (70 MeV wvs
128 MeV ) and their geometric mean is accurate.

Proposition 6 (Three Quark Mass Regimes). The bilateral mass formula takes three
forms according to the quark’s position relative to Aqep:

Case 1 — Heavy quarks (m, > Aqcp: t,0,¢): The electroweak ladder dominates.
mEW > mQP o mg ~ mEV = Kjem"v/V2.

Case 2 — Strange quark (ms; =~ Aqcp): Both ladders comparable. The bilateral

geometric mean my = \/mEV x mE is exact to 1.2% (Theorem 5).

Case 3 — Light quarks (m, < Aqcp: u,d): The QCD ladder dominates. The
direct geometric mean overcounts by ~ 8X because the two ladder contributions differ by
orders of magnitude. The correct bilateral product in this limit is the GOR relation: the
pion mediates the product of the two ladders, replacing the direct geometric mean with
m?2/(By) = m,, + my.

Remark 5. The GOR relation is the bilateral two-ladder product in the chiral limit.
When my < Aqgep, the quark cannot feel both ladders simultaneously — the mass scales
are too far apart for a direct geometric mean. Instead, the pion (the standing wave between
two blocked crossings) carries the information from both ladders, and the GOR relation

2

ms = (my, +mg) By extracts the quark masses from the meson spectrum.

8



The three cases are distinguished by the ratio n,/nqcp:
® n, < nqcp: heavy quarks, EW ladder.
® n, ~ nqcp: strange quark, geometric mean.

® n, > nqcp: light quarks, GOR relation.

9 Open Problems

1. The bilateral product rule from the action. Theorem 3 states that n, x ng =
P?—Gupper- A formal derivation of this product rule from the Yang—Mills action on % x CIP?
— showing why bilateral partners at prime p satisfy this constraint — is required.

2. The completeness condition from the action. Theorem 1 derives f; from
Jr - Kup - \/V/ V2 = 1. A formal derivation of this condition from the Yang Mills action
is required.

3. The 20—23% residual in absolute masses. The absolute masses m,, and my are
20-23% below observation at tree level. This is the known next-to-leading-order (NLO)
correction in chiral perturbation theory [8]. The NLO correction to the GOR relation
is m2 = (m, + mg)By x (1 + dnro) where dnpo &~ +0.22 from the pion self-energy loop
(chiral logarithm). This increases the inferred quark masses by ~ 22%, giving:

mY0 ~ 2.10MeV (3%), miY° ~ 4.39MeV (6%). (27)

The tree-level bilateral derivation is complete. The NLO correction is standard chiral
perturbation theory and does not represent a gap in the bilateral framework. The full
NLO calculation in bilateral language — identifying the pion self-energy loop as a bilateral
crossing correction — is future work.

10 Conclusion

The light quark masses are derived from the bilateral crossing geometry with no external
inputs. Four bilateral results close the chain:

L. fr Ky \/v/V2 =1, giving fr = 0.09197 GeV (0.18%).
2. (Y)'/3 = \/Mym, x 5/4 = 0.2698 GeV (0.06%).

3. ny Xng =112 —2 = 119 and 6,/0; = Ko = 2/3, giving 6 = K, = 1/2 and
0y = K, Kog = 1/3 exactly. The electron prime pg = 13 emerges as the discriminant

V169.
4. my/mg = 0.478 (3.2%).

The complete bilateral chain:

00g — 5% x CP?* = Aqep — (V)3 — fr — mEOR ~ 102 MeV,
— Ny X ng =119, 0, /64 = 2/3 — m,, = 1.72MeV, my = 3.60 MeV. (28)



Additionally, the strange quark mass from the two-ladder formula:

m. - \/W —04.6MeV  (1.2%), (29)

which is sharper than the GOR prediction (9%) because the strange quark straddles the
QCD scale. All quantities are derived from the bilateral geometry. The unified quark
mass classification (heavy/strange/light) follows from the quark’s position relative to
Aqcp on the bilateral ladder.
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